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a b s t r a c t
In this work, the authors present several formulas which compute the following Euler’s
type and Dilcher’s type sums of the products of Bernoulli numbers Bn:
Ω(m)n :=
∑
j1+···+jm=n
(j1,..., jm=1)
(
2n
2j1, . . . , 2jm
)
B2j1 · · · B2jm
and
∆(m)n :=
∑
j1+···+jm=n
(j1,..., jm=0)
(
2n
2j1, . . . , 2jm
)
B2j1 · · · B2jm
respectively, where(
n
k1, . . . , km
)
= n!
k1! · · · km!
denotes, as usual, the multinomial coefficient.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Euler’s type sums of the products of Bernoulli numbers Bn are denoted byΩ
(m)
n and are defined as follows:
Ω(m)n :=
∑
j1+···+jm=n
(j1,...,jm=1)
(
2n
2j1, . . . , 2jm
)
B2j1 · · · B2jm (1.1)
(n,m ∈ N0 := {0} ∪ N;N := {1, 2, 3, . . .}),
where the Bernoulli numbers Bn are generated by (see, for details, [11, p. 59 et seq.])
t
et − 1 =
∞∑
n=0
Bn
tn
n! (|t| < 2pi), (1.2)
and (
n
k1, . . . , km
)
:= n!
k1! · · · km! (1.3)
denotes, as usual, the multinomial coefficient.
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Euler’s identity involves the sum of the products of two Bernoulli numbers as follows:
Ω(2)n =
∑
j1+j2=n
(j1,j2=1)
(
2n
2j1, 2j2
)
B2j1B2j2 = −(2n+ 1)B2n. (1.4)
Eie [4] and Sitaramachandrarao and Davis [10] considered the sum of the products of three and four Bernoulli numbers and
proved that
Ω(3)n = (n+ 1)(2n+ 1)B2n + n
(
n− 1
2
)
B2n−2 (1.5)
and
Ω(4)n = −
(
2n+ 3
3
)
B2n − 43n
2(2n− 1)B2n−2. (1.6)
Recently, Chang and Srivastava [1] showed that there is no unique method for calculating the Bernoulli number B2n as a
sum of the products of lower-order Bernoulli numbers in three terms (see also a subsequent investigation on the subject by
Chang et al. [2]).
Dilcher [3] considered the sums of the products ofm ∈ N \ {1} Bernoulli numbers in the form:
∆(m)n :=
∑
j1+···+jm=n
(j1,...,jm=0)
(
2n
2j1, . . . , 2jm
)
B2j1 · · · B2jm (1.7)
and established the following interesting identities:
∆(m)n =

(2n)!
(2n−m)!
[
m−1
2
]∑
k=0
b(m)k
B2n−2k
2n− 2k (2n > m)
(2n)!
4n
+
n−1∑
k=0
(2n)!
2n− 2kb
(2n)
k B2n−2k (2n = m)
(−1)m−1(m− 2n− 1)!(2n)!b(m)n
(
0 5 n 5
[
m− 1
2
])
,
(1.8)
where b(m)k are the sequences of rational numbers defined by
b(1)0 := 1 and b(m+1)k := −
1
m
b(m)k +
1
4
b(m−1)k−1 , (1.9)
with
b(m)k = 0
(
k < 0 or k >
[
m− 1
2
])
.
Here, and in what follows, [λ] denotes the integer part of the real number λ. For example, we have
∆(2)n = −(2n− 1)B2n, (1.10)
∆(3)n =
1
2
(2n− 1)(2n− 2)B2n + n
(
n− 1
2
)
B2n−2 (1.11)
and
∆(4)n = −
(
2n− 1
3
)
B2n − 23n(2n− 1)(2n− 3)B2n−2. (1.12)
Euler’s sums Ω(m)n and Dilcher’s sums ∆
(m)
n are remarkably different. Dilcher’s sums include the Bernoulli number B0 = 1,
while Euler’s sums do not. (Dilcher [3, p. 27] remarked that ∆(m)n is equivalent to Ω
(m)
n if we take into account the slightly
different ranges of summation.)
In a recent series of two papers, Petojević [6,7] has given several new formulas for the sums of the products of Bernoulli
numbers. As remarked by Sitaramachandrarao and Davis [10], it may be of interest to find formulas of the types (1.4) to
(1.6) for sums of the products ofm ∈ N \ {1, 2, 3, 4} Bernoulli numbers associated with the zeta function factors. This was
achieved by Sankaranarayanan [9] form = 5 and by Zhang [12] form ∈ {1, . . . , 7}. Form ∈ N\ {1, . . . , 7}, such summation
formulas do not appear to be known hitherto. The main object of this work is to give the solution of this open problem.
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2. Statements of the main results
First of all, for n,m ∈ N0, the definition (1.1) yields
Ω
(0)
0 = 1 and Ω(m)n = 0 (n < m), (2.1)
Ω(0)n = 0, Ω(1)n = B2n and Ω(n)n =
(2n)!
12n
(n ∈ N), (2.2)
and
Ω
(m)
0 = 0 (m ∈ N). (2.3)
Hence our task is to find a formula forΩ(m)n for n > m > 1.With this objective, we let b
(m)
k be the two-dimensional sequence
defined as in (1.9). Furthermore, form, n, k ∈ N0, we let φ(m)k (n) denote the function defined by
φ
(m)
k (n) :=

m∑
j=2k+1
(−1)m−jj!
(
2n
j
)(
m
j
)
b(j)k
(
n > m > 1; k = 0, . . . ,
[
m− 1
2
])
0 (otherwise).
(2.4)
One of our main results is then given by Theorem 1.
Theorem 1. For n > m > 1,
Ω(m)n =
[m−12 ]∑
k=0
φ
(m)
k (n)
B2n−2k
2n− 2k . (2.5)
Remark 1. In view of Theorem 1 and a known result [3, p. 29, Lemma 3], for n = m > 1, we can derive the following closed
expression for the evaluation of Euler’s type sums of the products of Bernoulli numbers:
Ω(m)n = (−1)m−1
[m−12 ]∑
k=0
B2n−2k
2n− 2k ·
m∑
j=2k+1
j
(
2n
j
)(
m
j
) 2k∑
`=0
`!
2`
(
j
`
)(
j− 1
`
)
s(j− `, j− 2k) (n = m > 1), (2.6)
where s(n, k) denotes the Stirling numbers of the first kind (see, for details, [11, p. 56 et seq.]).
Remark 2. It is clear that Theorem 1 can be rewritten in terms of the Riemann zeta function ζ (z), since there exist the
following relationships:
ζ (2n) = (−1)n+1 (2pi)
2n
2 · (2n)!B2n (n ∈ N) (2.7)
and
ζ (1− 2n) = −B2n
2n
(n ∈ N) (2.8)
between the Riemann zeta function ζ (z) and the Bernoulli numbers Bn.
Example 1. We list here the following new identities forΩ(m)n , which are obtained by settingm = 8 andm = 9:
Ω(8)n = −
(n+ 1)(n+ 2)(n+ 3)(2n+ 1)(2n+ 3)(2n+ 5)(2n+ 7)
630
B2n
− 4
45
n2(n+ 1)(n+ 2)(2n− 1)(2n+ 1)(2n+ 3)B2n−2
− 1
45
(n− 1)n2(2n− 3)(2n− 1)(2n+ 1)(22n− 13)B2n−4
− 1
105
(n− 2)(n− 1)n(2n− 5)(2n− 3)(2n− 1)(44n− 49)B2n−6 (2.9)
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and
Ω(9)n =
1
2520
(n+ 1)(n+ 2)(n+ 3)(n+ 4)(2n+ 1)(2n+ 3)(2n+ 5)(2n+ 7)B2n
+ 1
60
n2(n+ 1)(n+ 2)(2n− 1)(2n+ 1)(2n+ 3)(2n+ 5)B2n−2
+ 1
120
(n− 1)n2(n+ 1)(2n− 3)(2n− 1)(2n+ 1)(38n− 23)B2n−4
+ 1
1260
(n− 2)(n− 1)n(2n− 5)(2n− 3)(2n− 1)(818n2 − 1383n+ 490)B2n−6
+ 1
16
(n− 3)(n− 2)(n− 1)n(2n− 7)(2n− 5)(2n− 3)(2n− 1)B2n−8. (2.10)
We next establish a recursion formula for∆(m)n with respect to n, which is given by Theorem 2.
Theorem 2. For n = 1 and m = 0,
∆(m)n =
m
n
n−1∑
r=0
(
2n
2r
)
(2 · 4n−r−1 − 1)∆(m)r B2n−2r (n ∈ N;m ∈ N0). (2.11)
Remark 3. The following integer sequence:
2 · 4n − 1 = −4
n
2
B2n
(
1
2
)
B2n (n ∈ N0) (2.12)
is a sum of divisors of 4n. Here Bn(x) denotes the Bernoulli polynomial of degree n in x generated by
text
et − 1 =
∞∑
n=0
Bn(x)
tn
n! (|t| < 2pi). (2.13)
For relevant further details, the interested reader is referred to [8] (see also [11]).
Example 2. We list here the following identities for∆(m)n , which are derived upon setting n = 0, 1, . . . , 4:
∆
(m)
0 = 1, (2.14)
∆
(m)
1 =
1
6
m, (2.15)
∆
(m)
2 =
1
60
m(5m− 7), (2.16)
∆
(m)
3 =
1
504
m(35m2 − 147m+ 124) (2.17)
and
∆
(m)
4 =
1
2160
m(175m3 − 1470m2 + 3509m− 2286). (2.18)
3. Proofs of Theorems 1 and 2
Proof of Theorem 1. The proof is simple and based upon the property of exponential generating functions for Ω(m)n and
∆
(m)
n . Indeed, by combining the definition (1.2) with the Cauchy product of power series for a natural numberm, we obtain(
tet − 2et + t + 2
2(et − 1)
)m
=
∞∑
k=1
k∑
jm−1=1
k−jm−1+1∑
jm−2=1
k−jm−1−jm−2+2∑
jm−3=1
· · ·
k−jm−1−···−j2+m−2∑
j1=1
B2j1B2j2 · · · B2jm−1B2k−2j1−···−2jm−1+2m−2t2k+2m−2
(2j1)!(2j2)! · · · (2jm−1)!(2k− 2j1 − · · · − 2jm−1 + 2m− 2)! .
(3.1)
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Putting n = k+m− 1 in (3.1), we deduce the following exponential generating function forΩ(m)n :(
tet − 2et + t + 2
2(et − 1)
)m
=
∞∑
n=m
Ω(m)n
t2n
(2n)! . (3.2)
On the other hand, the exponential generating function for Dilcher’s sums∆(m)n is given by [3, p. 27, Eq. (2.14)](
t
2
coth
(
t
2
))m
=
∞∑
n=0
∆(m)n
t2n
(2n)! , (3.3)
and so
Ω(m)n =
m∑
k=0
(−1)m−k
(m
k
)
∆(k)n
=
m∑
k=1
(−1)m−k
(m
k
) (2n)!
(2n− k)!
[
k−1
2
]∑
r=0
b(k)r
B2n−2r
2n− 2r
=
[
m−1
2
]∑
k=0
(2n)! B2n−2k
2n− 2k
m∑
j=2k+1
(−1)m−j
(
m
j
)
b(j)k
(2n− j)! . (3.4)
The proof of Theorem 1 is thus completed. 
Remark 4. On introducing the recursion formula for the two-dimensional sequencesΩ(m)n (n > m > 1), if we differentiate
both members of (3.2) with respect to t and apply Eq. (3.2) form 7→ m− 1, we obtain
2n(2n+ 1)Ω(m)n = m
n−1∑
k=m−1
(
2n+ 1
2k
)
Ω
(m−1)
k − 2
n−1∑
k=m
(
2n+ 1
2k− 1
)
Ω
(m)
k (3.5)
and
2(2n+m)Ω(m)n = m
n−1∑
k=m−1
(
2n
2k
)
Ω
(m−1)
k − 2
n−1∑
k=m
(
2n
2k− 1
)
Ω
(m)
k . (3.6)
Example 3. Applying (2.1) to (2.3) and the recursion formula (3.5) for the case n = m+ 1, we have
Ω
(m)
m+1 =
m(2m+ 1)
6
Ω(m−1)m −
m(2m+ 1)!
15 · 12m
= −m(2m+ 2)!
5 · 12m+1 . (3.7)
Analogously, for n = m+ 2, the recursion formula (3.5) and the relationships (2.1) to (2.3) and (3.7) would yield
Ω
(m)
m+2 =
m(2m+ 3)
6
Ω
(m−1)
m+1 +
m(7m+ 8)(2m+ 3)!
525 · 12m+1
= m(7m+ 13)(2m+ 4)!
350 · 12m+2 . (3.8)
By means of this procedure, it is possible to calculate an explicit expression forΩ(m)m+r for every natural number r.
Proof of Theorem 2. Since
d
dt
{(
t
2
coth
(
t
2
))m}
= m
(
t
2
coth
(
t
2
))m (1
t
− 2e
t
e2t − 1
)
= −2m
∞∑
n=0
∆(m)n
t2n
(2n)!
∞∑
n=1
n∑
r=0
(n
r
)
2r−1Br
tn−1
n! (3.9)
and, for k = 1,
n∑
r=0
(n
r
)
2k−1Br =
{
−(2 · 4
[
n−1
2
]
− 1)Bn (n = 2k)
0 (n = 2k− 1),
(3.10)
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we have
d
dt
{(
t
2
coth
(
t
2
))m}
= 2m
∞∑
n=0
n∑
r=0
(
2n+ 2
2r
)
∆(m)r (2 · 4n−r − 1)B2n−2r+2
t2n+1
(2n+ 2)! . (3.11)
We now compare the coefficients of t2n+1 in (3.11) and
d
dt
{(
t
2
coth
(
t
2
))m}
=
∞∑
n=0
∆
(m)
n+1
t2n+1
(2n+ 1)! . (3.12)
We thus obtain
∆(m)n =
m
n
n−1∑
r=0
(
2n
2r
)
(2 · 4n−r−1 − 1)∆(m)r B2n−2r .  (3.13)
Remark 5. The following alternating sum:
An :=
n∑
j=0
(−1)j
(
2n
2j
)
B2jB2n−2j (3.14)
occurs in the main result of [5]. A closed form for this alternating sum does not appear to be known (see [3, p. 40]).
Moreover, if we replace t by it in (3.3), we get
t
2
cot
(
t
2
)
=
∞∑
n=0
(−1)nB2n t
2n
(2n)! , (3.15)
which implies an exponential generating function for An in the form:
t2
4
cot
(
t
2
)
coth
(
t
2
)
=
∞∑
n=0
An
t2n
(2n)! . (3.16)
Hence, for n ∈ N0, it is not difficult to prove the following results:
A2n+1 = 0 (n ∈ N0) (3.17)
and
A2n = (4n− 1)B4n + 2
n∑
k=0
(
4n
4k
)
B4kB4n−4k (n ∈ N0). (3.18)
Acknowledgements
The present investigation was supported, in part, by theMinistry of Science and Environmental Protection of the Republic of
Serbia under Grant Number 149011D for the first-named author and, in part, by theNatural Sciences and Engineering Research
Council of Canada under Grant OGP0007353 for the second-named author.
References
[1] C.-H. Chang, H.M. Srivastava, A note on Bernoulli identities associated with the Weierstrass ℘-function, Integral Transform. Spec. Funct. 18 (2007)
245–253.
[2] C.-H. Chang, H.M. Srivastava, T.-C. Wu, Some families of Weierstrass-type functions and their applications, Integral Transform. Spec. Funct. 19 (2008)
621–632.
[3] K. Dilcher, Sums of products of Bernoulli numbers, J. Number Theory 60 (1996) 23–41.
[4] M. Eie, A note on Bernoulli numbers and Shintani generalized Bernoulli polynomials, Trans. Amer. Math. Soc. 348 (1996) 1117–1136.
[5] E. Grosswald, DieWerte der Riemannschen Zetafunktion an ungeraden Argumentstellen, Nachr. Akad. Wiss. GöttingenMath. -Phys. Kl. II 1970 (1970)
9–13.
[6] A. Petojević, New sums of products of Bernoulli numbers, Integral Transform. Spec. Funct. 19 (2008) 105–114.
[7] A. Petojević, A note about the sums of products of Bernoulli numbers, Novi Sad J. Math. 37 (2007) 123–128.
[8] N.J.A. Sloane, On-Line Encyclopedia of Integer Sequences, Published electronically as follows: http://www.research.att.com/~njas/sequences/.
[9] A. Sankaranarayanan, An identity involving Riemann zeta function, Indian J. Pure Appl. Math. 18 (1987) 794–800.
[10] R. Sitaramachandrarao, B. Davis, Some identities involving the Riemann zeta function. II, Indian J. Pure Appl. Math. 17 (1986) 1175–1186.
[11] H.M. Srivastava, J. Choi, Series Associated with the Zeta and Related Functions, Kluwer Academic Publishers, Dordrecht, Boston, London, 2001.
[12] W.P. Zhang, On the several identities of Riemann zeta-function, Chinese Sci. Bull. 22 (1991) 1852–1856.
